Abstract. Let f be a subhyperbolic entire transcendental function of finite order and let z 0 be a repelling periodic point of f . We show that there exists at least one dynamic ray (injective curve to ∞ consisting of escaping points) that lands at z 0 . In fact, our result holds more generally, namely for any subhyperbolic entire function f for which each periodic address is realised by some dynamic ray in the sense of [12] .
Introduction
In polynomial dynamics, dynamic rays, which foliate the set of escaping points, were introduced by Douady and Hubbard as a tool in their famous work on the Mandelbrot set [5] . Since then, rays, and their landing properties in particular, have provided one of the main ingredients in polynomial dynamics. One of the fundamental results in this area, which goes back to Douady, states that each repelling (pre)periodic point of a polynomial with connected Julia set is the landing point of at least one (pre)periodic dynamic rays [9, Theorem 18.11] .
While in the polynomial case dynamic rays arise naturally as preimages of line-segments from S 1 to ∞ under the Böttcher isomorphism, the existence of analogs in transcendental dynamics is not a priori given. The reason is that ∞ is not a superattracting fixed point anymore but an essential singularity, wherefore the set of escaping points is no longer open. Nevertheless, it has long been known [4, 3] that for certain classes of entire functions there exist curves in the escaping set which can be seen as an analog of dynamic rays. (These curves are also known as hairs but we will stick to the notation of dynamic rays because of the analogy to the polynomial case.) A significant extension of those results was recently obtained by Rempe, Rottenfußer, Rückert and Schleicher [12] who proved that the escaping set of every finiteorder entire function with a bounded set of singular values consists of dynamic rays. This result provides us with a large class of functions where we can study the topology of Julia sets by looking at landing properties of dynamic rays.
This approach to the study of Julia sets and escaping sets has been used to great success in certain families of entire transcendental maps like the exponential family E λ (z) = λe z or the cosine family F a,b (z) = ae z + be −z . In these very special cases, various results on landing properties of rays could be obtained. But the important question whether an analogous statement to the above mentioned theorem on repelling (pre)periodic points holds for transcendental functions, could not be completely answered even in the exponential family, which is the simplest parameter space of transcendental entire maps.
Under additional assumptions on the dynamical behaviour of the map E λ (z) = λe z , Schleicher and Zimmer [15] have proved that each repelling (pre)periodic point is the landing point of a dynamic ray. Under similar dynamical conditions we can generalize this statement to a large class of entire functions, for which the existence of rays is provided. By [12] , it is suggestive to restrict to the Eremenko-Lyubich class
The main result of this article is the following:
, and assume that for any periodic address s there exists a dynamic ray of f with address s.
Then, for any point z which is eventually mapped onto a repelling periodic point of f , there is a (pre)periodic dynamic ray landing at z.
Our result implies in particular that each singular value in the Julia set of f is the landing point of some dynamic ray. In those cases where the Julia set is the entire plane, our theorem enables us to define a dynamical partition of the plane and to study the topological dynamics of f , which we are yet able to understand only partially and only in the cases of exponential and cosine functions. Even between these two families there are significant differences in the landing behaviour of dynamic rays: while all rays of Misiurewicz-type cosine maps land [16] , there are parameters in the exponential case including the Misiurewicz-type functions where uncountably many rays have an indecomposable continuum as their limit set [13] . We are currently investigating these problems to provide a better comprehension of the dynamical fine structure of these functions. We are expecting that this would also lead to a better understanding of topological dynamics in a more general context, beyond subhyperbolic functions.
Idea of the proof. A proof of our result in the special case of subhyperbolic exponential maps was sketched in [15] , and extended to critically pre-periodic cosine maps in [16] ; we follow the same general idea. Essentially, we start with any given curve connecting the repelling point z 0 under consideration to infinity, and pull back this curve using the map f . Using hyperbolic contraction arguments, we prove that this procedure yields only finitely many different curves up to homotopy, which allows us to associate a "periodic external address" to this curve. Using an existence theorem for dynamic rays with a given periodic address, it then easily follows that there is a dynamic ray landing at z 0 .
For the main part of the proof, we develop a construction using hyperbolic geometry which seems more natural than the more "adhoc" method described in [15, 16] , which appears to be difficult to adapt to our more general setting. Our argument seems to give a more elegant proof even in the established cases.
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Preliminary constructions
2.1. Notations. We denote the complex plane and the Riemann sphere by C and C := C ∪ {∞}, respectively. The unit disk is denoted by D with S 1 = ∂D and we write D * for the unit disk punctured at 0. Let f : C → C be an entire transcendental function. We denote the set of critical points of f by C(f ), the set of critical values by CV (f ) := f (CP (f )) and the set of all finite asymptotic values by AV (f ). The set of singular values of f , denoted by S(f ), equals the closure (in C) of the union of all finite critical and asymptotic values of f , i.e. S(f ) = CV (f ) ∪ AV (f ). It is known that for an open set G with G ∩ S(f ) = ∅ the map f : f −1 (G) → G is an unramified covering. At last, we denote the postsingular set of f by P (f ) = ∪ n≥0 f n (S(f )).
2.2. Subhyperbolic maps.
Remark. By condition (i) each critical point in J (f ) is strictly preperiodic, while all critical and asymptotic values in J (f ) are eventually periodic. At the same time f has no Cremer points due to condition (i) which means that each singular value w ∈ J (f ) eventually lands on some repelling orbit. Throughout this article, we will assume that f is a subhyperbolic function in the class B, which consists of entire functions with a bounded set of singular values.
2.3. Tracts and external addresses. Next, we want to review the constructions of tracts and addresses for functions in class B following [12] .
Let D be any Jordan domain containing P (f ) ∪ {f (0)} and define A := C\D and G := f −1 (A). Then each component T of G is a simply-connected unbounded domain whose boundary ∂T is an analytic Jordan arc tending to ∞ at both ends. Such a component T is called a tract of the function f and f : T → A is a universal covering for each component T of G [3, Theorem 1.1]. There can be only finitely many tracts having non-empty intersection with D. When we want to emphasize the dependence on the domain D we will call T a tract of f with respect to D.
Next, we choose a curve α ⊂ A not intersecting any tract T , such that α connects ∂D to ∞. The preimage f −1 (α) induces a partition of each tract cutting it into countably many components called fundamental domains. Every such domain is mapped isomorphically to A\α under f .
For each point z ∈ C with f n (z) ∈ A for all n ≥ 1 we call s = F 0 F 1 F 2 ... the external address of z, if f n (z) ∈ F n for some fundamental domain F n . Note that the fact that α ∩ T = ∅ for any tract T of f assures that the external address is well-defined for each such point z ∈ C. If z ∈ I(f ) is a point in the escaping set of f , then there exists an integer n 0 such that |f n (z)| ∈ A for all n ≥ n 0 .
Finally, we define a ray tail of f to be an injective and continous curve
such that for all n ∈ N, f n (g(t)) → ∞ uniformly as t → ∞. A dynamic ray of f is then a maximal injective curve g : (0, ∞) → I(f ) such that g| [t,∞) is a ray tail for every t > 0. Note that again, by construction of α, each dynamic ray is eventually contained in some fundamental domain F as well as its images so we can assign to each dynamic ray an external address s.
Standing assumption. Throughout this article let z 0 be a repelling fixed point of f .
Hyperbolic metric and contraction.
The idea is to construct certain curves at z 0 , from which we will later derive a dynamic ray landing at this point. The right object for this construction is a Riemann surface on which the map f is an unramified covering, so in the range, we need a suitable subset of U := C\ P , where P := P (f ) ∪ {z 0 , ∞}. In the case of a postsingularly finite map, U would be a punctured sphere and therefore a Riemann surface. In the case of an arbitrary subhyperbolic function, the postsingular set can look far more complicated and in general it is to be expected that it has a nonempty interior. We will show here that we can modify U to obtain a Riemann surface with ∞ as an isolated boundary point and such that each repelling point is either contained in this surface or is an isolated boundary point of it. Proof. By construction, ∂B ⊂ B, hence f (∂B) ⊂ f (B) ⊂ B ⊂B. Now, let B 0 be a component of the interior ofB. By definition, B 0 is bounded as well as its image and by the Open Mapping Theorem,
and it follows that f (B 0 ) ⊂B.
We now apply the above proposition to the case where P F := (P (f )∩ F (f )) = ∅ (otherwise U has already the required properties) and let W := C\P F . Note that J (f ) ⊂ W . The set P F is compact, so W is open, nonempty and it has a unique unbounded component, which we denote by W ∞ . Furthermore, f (P F ) ⊂ P F so by the previous statement, the set
Proof. Denote byK the interior of K. By the previous proposition, f n (K) ⊂ K for each iterate f n of f . But K is compact, hence bounded, and therefore C\K contains at least three points. By Montel's theorem, {f n |K} is a normal family, wherefore K ⊂ F (f ) and J (f ) ⊂ W ∞ .
Denote by U ∞ the unique unbounded component of U = C\ P . By construction,
and by definition 2.1, condition (i), U ∞ is a nonempty domain in the plane and therefore a Riemann surface. By the previous proposition, any repelling point of f is either contained in U ∞ or -by definition 2.1, condition (ii) -it is an isolated boundary point of U ∞ .
Proof. By [9, Lemma 2.5], it is enough to prove that |C\U ∞ | ≥ 2.
Consider an entire transcendental function f with only one singular value at w. For simplicity, assume w = 0. Then, a well-known result that follows from covering space theory is that f is of the form f (z) = exp(az + b) for some a ∈ C * , b ∈ C. In this case the value w = 0, which is an asymptotic value, is also an omitted value from which it follows that the postsingular set P (f ) contains at least two points and
By [9, Corollary 2.10], U ∞ carries a unique complete conformal metric ̺(z)|dz| of constant curvature −1, which we will call the hyperbolic metric on U ∞ . We denote the associated distance between two points z and w in U ∞ by d ∞ (z, w). To each curve γ : (a, b) → U ∞ we assign the length γ of γ, which is a finite number if γ is rectifiable and ∞ otherwise.
is compact in C and so is f −1 (P (f )). As #P (f ) ≥ 2, Picard's theorem implies that P (f ) has preimages arbitrary close to ∞ contradicting the compactness of f −1 (P (f )).
The statement now follows from the above argument and the forward invariance of K = C\W ∞ .
It follows that each component V i of V is a hyperbolic surface and the map f : V i → U ∞ is a holomorphic covering which is, due to the Pick Theorem [9, Theorem 2.11], a local isometry. Therefore, every smooth curve in V i of finite d i -length l maps to a smooth curve of d ∞ -length l, where d i denotes the distance function on V i . Applying the Pick Theorem to the inclusion, it follows that distances measured relative to a larger surface are always smaller, so every curve in V i of d i -length l has d ∞ -length less than l.
The following result gives an upper bound for the hyperbolic metric of a plane domain: Lemma 2.6. Let U ⊂ C with |C\U| ≥ 2. Then the hyperbolic metric ρ U (z)|dz| satisfies
2.5. Geodesics and Horocycles. By the Uniformization theorem [9, Theorem 2.1], U ∞ is conformally isomorphic to a quotient of the form X/Γ, where X is a simply connected Riemann surface conformally isomorphic to the unit disc D and Γ is a Fuchsian group acting on X. Let π : D → U ∞ be a universal covering map. A geodesic on U ∞ connecting two boundary points is then the image of a circle-arc in D, which is orthogonal to ∂D. Let w ∈ P J ∪ {z 0 , ∞}, so w is a puncture of U ∞ . Let γ be a small loop around w and X the covering space of U ∞ in which γ is the only simple closed curve up to homotopy. By [7, Proposition 3.8.9] , X is isometric to the punctured unit disc D * and if p : D * → U ∞ is such a covering map, then there is a region V ⊂ D * bounded by a horocycle (Euclidean circle centered at 0), such that p : V → U ∞ is an embedding. We now define a horocycle h(w) at the puncture w to be the image of a horocycle in V under p and a horosphere H(w) at w to be the component of U ∞ \h(w) with w as a boundary point.
The following result states that geodesics on hyperbolic surfaces will stay away from the punctures: Lemma 2] ). Let S be a hyperbolic surface and let p be a puncture of S. There exists a neighbourhood of p such that each simple geodesic entering it passes through the point p.
2.6. Construction of legs.
Two legs γ 1 and γ 2 are called equivalent (γ 1 ∼ γ 2 ) if they are homotopic (on U ∞ ) relative to the set of endpoints {z 0 , ∞}. Roughly speaking, different classes of legs are produced by winding around points in P (f ). By assumption, z 0 is not a critical value of f , so every leg ending at z 0 has a unique preimage curve ending at z 0 and this is again a leg. We will call the map which assigns each leg γ such a pullback the leg map and denote it by L.
It follows from the homotopy lifting property that if γ 1 ∼ γ 2 , then this also holds for their image legs, i.e. L(γ 1 ) ∼ L(γ 2 ). Hence, the leg map L descends to a map on the set of equivalence classes of legs.
We will often replace pieces of arbitrary legs by pieces of geodesics in their homotopy classes, which is sensible due to the following elementary statement:
Proposition 2.9 ([14, Lemma 3]). In each homotopy class of curves joining two points together there is a unique geodesic, and it has shorter length than any other curve in the homotopy class.

Iteration of L and a finiteness statement
In this section we will prove a lemma which, roughly speaking, states that legs will staighten out under iteration of the map L rather than twist, and therefore only finitely many equivalence classes of legs can arise. We will show this by considering the length of pieces of legs under iteration of L and use the fact that L is a contraction with respect to the hyperbolic metric on U ∞ . We will now formulate a few statements that will help us construct a compact subset Y of U ∞ where we will measure the length of the images of a leg γ.
First, we pick a horosphere H(∞) at ∞ with the following properties: we choose H(∞) such that the intersection H(∞) ∩ (P (f ) ∪ {z 0 }) is empty. Then, the preimage G of H(∞) splits into tracts and for each tract T , the map f : T → H(∞) is a universal covering. Furthermore, we assume that H(∞) is small enough such that for each tract T , P (f ) is contained in exactly one component of C\(H(∞) ∪ T ) (see figure 3 ). Finally, we assume H(∞) to satisfy Lemma 2.7. We will denote the horocycle ∂H(∞) ⊂ U ∞ by h(∞). Proof. Recall that P J ∪ {z 0 } is a finite, forward invariant set of points disjoint from H(∞), hence it has an empty intersection with f −1 (H(∞)) and the first statement follows.
As already mentioned, by [ 
in a neighbourhood of 0. Let z ∈ D r (0) be a point on the circle centered at 0 with radius r. Then
for r small enough, and the statement follows.
Proposition 3.2. There exists a compact set K with finitely many boundary components such that
Proof. The function f has at most finitely many attracting points {a 1 , ..., a m }, hence there is a set A ⊂ F (f ) with {a 1 , ..., a m } ⊂ A and f (A) ⊂⊂ A. The set K is a compact subset of the Fatou set, so the Eucliedean distance d := dist(K, J (f )) is a positive number.
Furthermore, each point z ∈ K converges to one of the attractors of f , wherefore for each such z ∈ K there exists a small ball B(z) ⊂ F (f ) centered at z with radius less than d/2 such that there is some integer n(z) with f n(z) (B(z)) ⊂ A. The union of all such balls B(z) with z ∈ K is an open cover of K and by compactness of K, it has a finite subcover. Hence, there exist finitely many balls B 1 , ..., B n such that K ⊂ B := ∪ m j=1 B j ⊂⊂ F (f ). By construction, there also exists a number N ∈ N such that f N (B) ⊂ A. We now define K to be ∪ N l=1 f l (B) and the statement follows.
Remark. Note that U ∞ \ K possibly consists of more than one component. By proposition 2.2 we can ignore the bounded components because each leg will be contained in the unique unbounded component.
From now on we fix a set K satisfying the previous proposition and assume that U ∞ \ K consists of only one component.
Proposition 3.3. There exists an open set G K such that if γ is a leg with
is the unique geodesic in the equivalence class [γ] of γ.
Proof. Some of the finitely many components of K possibly surround only isolated points in P F . By lemma 2.7 we can ignore such components by choosing them in the initial construction small enough such that they are not entered by any geodesic on U ∞ . By [7, Proposition 3.3.8] , each boundary component of K is now homotopic to a unique closed geodesic G i on U ∞ . We define the set G to be the union of the interiors of those geodesics, where the interior refers to the component of U ∞ \G i which is bounded considered as a subset of the complex plane. Now, let γ be a leg not entering K and assume that the geodesic g [γ] ∈ [γ] has a nonempty intersection with G. Then, g [γ] has at least two intersection points z and w with some G i , such that the distanceminimizing pieces of g [γ] and G i connecting z and w lie in the same homotopy class, contradicting the uniqueness of the geodesic for each homotopy class (see proposition 2.9).
We now have all ingredients for the construction of the compact set Y , mentioned at the beginning of this section: For each point v ∈ P J we pick a sufficiently small horosphere H(v) such that H(v) ⊂ C\H(∞) ∪ f −1 (H(∞)) and H(v) satisfies the conclusion of lemma 2.7. Furthermore, we assume all horospheres to be pairwise disjoint. Additionally, we assume that H(z 0 ) satisfies proposition 3.1.
We can now define the set Y to be
For a leg γ whose part belonging to Y is a rectifiable curve, we denote the length of that piece by γ Y . We will call γ an l-leg if γ Y < l, where 0 < l < ∞.
We are now able to state and prove our key-lemma.
Lemma 3.4.
There is a constant l 0 such that the following holds for any l ≥ l 0 : if γ is an l-leg with γ ∩ K = ∅, then the image leg L(γ) is equivalent to an l-leg which does not intersect K either.
Proof. Let γ be an l-leg not entering K and denote by [γ] its equivalence class. We replace γ by the geodesic leg g [γ] in its class which is again an l-leg connecting z 0 with ∞. Furthermore, it intersects h(z 0 ) and h(∞) only once, while it does not enter the set G as well as the other horospheres H(v).
We are computing the length of L(g [γ] ) in Y , so we are searching for parts of Y which are not contained in Y ′ but possibly contain pieces of L(g [γ] ).
By the construction of Y and the properties of γ and g [γ] , these can only be intersections between U ∞ \H(∞) and (finitely many) tracts T , and if the leg L(g [γ] ) enters such a region, then it intersects the boundary of exactly one tract T in exactly one point. Notice that it is possible that L(g [γ] ) has more than one intersection point with h(∞) lying in T (see Figure 3) .
Let B be such an intersection component. B is simply connected, so by the Riemann Mapping Theorem, there exists a conformal mapping ϕ : D → B. Now, let z and w be any two points on ∂B and let S be the hyperbolic geodesic connecting ϕ −1 (z) and ϕ −1 (w) in D. By the Gehring-Heyman Theorem [10, p.72] there exists an absolute constant K such that
where Λ denotes the Euclidean length and C is any curve connecting z and w in B. Applying theorem 2.6 we obtain an upper bound τ for the hyperbolic length of any such geodesic S and τ does not depend on B or S.
So denote by z the intersection point of L(g [γ] ) with some tract T and by w its first intersection point with h(∞). By the above argument we can replace L(g [γ] )| [z,w] by the corresponding geodesic of length ≤ τ and homotope the rest of the leg such that it does not enter U ∞ \H(∞) anymore. Notice that the construction of H(∞) assures that this is Figure 4 . Homotopy of a leg γ such that it has only one inetrsection with h(∞) without changing it's homotopy class.
possible without changing the equivalence class of L(g [γ] ) (see Figure  3) .
It follows that if we start with an l-leg γ, replace it by an equivalent geodesic leg g [γ] and eventually homotope the image leg L(g [γ] ), we obtain an ηl + s-leg. By choosing l 0 = s/(1 − η), t he inequality ηl + s ≤ l holds for any l ≥ l 0 .
Note that it follows from
At the same time, L(γ) and L(g [γ] ) are in the same equivalence class, so by proposition 3.3, the geodesic leg in the class of L(g [γ] ) does not intersect G and the claim follows. Proof. Starting with a leg γ 0 with γ 0 ∩ K = ∅, choose l ≥ l 0 with l 0 having the property from proposition 3.4. Application of the leg map L leads to a leg equivalent to an l-leg and which does not enter K, either. Replacing the image leg by such an l-leg and iterating this procedure gives an infinite sequence of l-legs not entering K.
There can only be finitely many homotopy classes of legs ending at z 0 with length of parts belonging to Y being bounded by l and the statement follows.
Proof of the main result
Recall once more that z 0 is an arbitrary but fixed repelling fixed point of the subhyperbolic function f . Before we start the proof, it is necessary to give an idea of how to define an address for a leg γ which is respected by homotopies. So let γ be any leg, i.e. γ is a simple curve connecting z 0 to ∞ (γ need not even be in a tract). The application of the map L to γ leeds to a curve, which is eventually contained in a tract. Replacing γ by this new curve and applying L once again, we obtain a curve which is eventually contained in a fundamental domain. The application of this procedure to any other leg in the homotopy class of γ gives the same fundamental domain.
Proof. We pick a periodic leg γ 0 not entering K, which, by passing to an iterate of f , we can assume to be fixed. Denote by γ n+1 the image leg of γ n for every n ∈ N. Recall that all γ n will have empty intersection with K.
By the above argument, all legs γ n with n ≥ 2 will be eventually contained in some fundamental domain F , so we can assume w.l.o.g. that γ 0 is already contained F . Therefore, we can assign to each γ n the well-defined address-entry F .
For the fixed external address
there exists by assumption a dynamic ray g s : (0, ∞) → C having address s, so in particular there is a τ > 0 such that g s (t) ∈ F for all t ≥ τ . We may assume that γ 0 (t) ∈ F for all t > τ and we choose a homotopy of γ 0 such that γ 0 (τ ) = g s (τ ). Now, the tail of the leg γ 0 and the tail of the dynamic ray g s are both entirely contained in the same fundamental domain F with γ 0 (τ ) = g s (τ ). Hence we can replace the unbounded part γ 0 | (τ,∞) of γ 0 by the ray tail g s | (τ,∞) , which again gives a leg in the class [γ 0 ].
The pull-back of γ 0 and that of g s approach ∞ through the same fundamental domain F and the same holds for the following iterates. Therefore, after replacing a tail of γ 0 by a tail of the dynamic ray and application of the map L, we obtain again a well-defined leg. Now, we want to show that in the limit, the iteration of L on such a leg yields a dynamic ray landing at z 0 : Let x 0 ∈ γ 0 ∩h(z 0 ) be the intersection point between γ 0 and the horocycle at z 0 (we can assume that there is only one such intersection point by replacing the piece of γ 0 inside the horocycle by the coresponding piece of some geodesic) and let y 0 ∈ γ 0 be the point where the the tail of g s is attached, i.e. y 0 = γ 0 (τ 0 ). Then, by the Pick Theorem, the hyperbolic distance between x 0 and y 0 decreases under the iteration of L, while x 0 converges to the point z 0 . Therefore, y 0 also converges to z 0 ,which means that g s lands at z 0 . Proof. The point z is a fixed point of the subhyperbolic function f n so by the previous theorem there is a periodic dynamic ray of f n landing at z.
Remark. If z is not periodic but mapped to some repelling periodic point w of f by some iterate f n of f , then we obtain a preperiodic ray landing at z by taking pullbacks of a periodic ray landing at w. Remark. Let f be a postsingularly finite map satisfying the assumptions of theorem 4.1 such that each critical point of f is strictly preperiodic. Then the Julia set J (f ) of f is the entire complex plane and each singular value is landing point of some (pre)periodic dynamic ray. Using pull-backs of those rays, one can define a dynamical partition of the plane, whose components are simply connected domains called itinerary domains. (In the case where F (f ) is not empty but has finitely many superattractors, we can construct so-called attracting dynamic rays connecting superattracting points to repelling points on the boundary of the attracting domains and obtain again a dynamical partition of the plane) This constructions provides us with an additional way of studying the combinatorics of f . Furthermore, there are nice relations between fundamental domains and itinerary domains, which enable us to prove more results on dynamic rays. For instance, we can easily show that in this case the number of dynamic rays landing at a repelling periodic point z is finite and all those rays are periodic.
